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ABSTRACT

We consider, in this note, some invariant subspaces of a unitary operator
induced by a measure preserving transformation. For these subspaces two
problems are studied:

a. Is the subspace generated by characteristic functions?

b. When is an invariant subspace a reducing subspace ?

1. Introduction. Let (Q, X, u ) be a measure space with u(Q) =1. Let ¢ be a
one-to-one measure preserving transformation. The transformation ¢ induces a
unitary operator U, on L,(Q, X, ). We shall consider the following subspaces of

LZ(Q’ Esﬂ):
Hy = {x| xeL,, weak lim U"x =0}

n- o0

H, = Hg

H, = span H', where H’, = {x| xeL,, lim sup I(U"x,x)l = I[ x uz}

Hy = {x I x € L,, the orbit U"x,n = 1,2, -, is conditionally compact}.

Let us summarize some properties of these spaces:

1. The subspaces reduce the operators U. Theorem 3.1 of [2].

2. Hy < H, c H,. See Theorem 1.3 of [2].

3. The subspace H; is generated by eigenfunctions of U. This is a well-known
result (see [6] page 24) let us sketch its proof: Clearly every eigenfunction belongs
to H;. Let x be orthogonal to all eigenfunctions of U.

By [5] page 40 there exist dense (complements of sets of zero density) sequences
n{® with lim (U™® x, U*x) = 0. Since the intersection of two dense sequences is
dense it is possible to emplyo the diagonal method to find a sequence n; with
lim (U™x,U%) =0, k =1,2,---. Thus weak lim U™x =0.

Let y be any element of H;. We may assume that U™y (or a subsequence)
converges strongly to z. Then:

| U*™z —y |>=2| y |* — 2 Re(z,u™y) > 0.

Therefore

{x,y) = lim(x, U*"z) = lim (U™x,z) = 0.
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4. The operator U is strongly mixing if and only if H, = constant functions,
and is weakly mixing if and only if H; = constant functions. See [5] for definitions
of mixing properties.

2. The space H,. Let xeH;, then there exists a subsequence, n; of the
integers, such that lim U"x = x. (Theorem 1.3 of [2]) Define

K ={y|lim Uy =y} = {y | lim (U™, y) =] y |*}.

Thus K < H). If y isa function in K then so are the real and imaginary parts of y.
Also if y is a real valued function in K then so is its absolute value:

lim (| y L]y ) 2lim| W, ) [= |y =] | |]*

Thus K satisfies the conditions of Lemma 1 of [3]. Therefore K is spanned by the
characteristic functions that belong to it. This also proved:

THEOREM 2.1. The set H, is generated by the characteristic functions that
belong to it.

Given a set Ae X let I(4) be its characteristic function. Then I(4)e H, if and
only if

lim sup u(o ~"4 N A) = u(A4).

D. Austin suggested the following conjecture:
If lim sup u(e™"ANA) < u(A) whenever 0<u(Ad)<1 then ¢ is strongly
mixing.

By Theorem 2.1 this can be rephrased to:
If H, contains only constant functions so does H,.

Conjecture. H, = H, for every measure preserving transformation.

It was proved by S. Kakutani that Austin’s condition implies that ¢ is weakly
mixing. This can be deduced from Theorem 2.1. since if Ux = Ax with | A ] =1
then | (U"x,x) | = x ||* and xeHS.

3. Invariant subspaces of H,. In this section it is not necessary to assume
that U is induced by a measure preserving transformation. The spaces H,, H,
and H; are well defined for any unitary operator U on a Hilbert space H.

THEOREM 3.1. Let M = M(x) be the subspace generated by weak limits of
the sequence U"x. Then xe H, if and only if xe M.

Proof. Let ze Hy(U) then lim (U"z,z) =0. Conversely if (U"z,z) =0 and
weak lim U™z = z, then (zy, U*z) = lim(U™ *z,z) =0 hence z; =0 and weak
limU"2 =0. Thus Hy(U)=Hy(U*). Therefore if weak lim U"x =y then
y LH(U*) = Ho(U) and y € H,. This shows that if x e M then x € H,. Conversely
letxe H,.Putx = x; + x, wherex,e Mand x, L M. NowxeH, and x;e McH
hence x,e H; too. Also lim (U"x,x;) =0 because if U™x converges weakly

n—w
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to y then ye M. We wish to show that this implies that (x,x,) = “ X, ”2 =0.
Let x = y, + y, where (y;,U",)=0n=0,+ 1, + 2,--- and y, is in the subspace
generated by U'x, n=0,+1,+2,---. It is enough to show that y, =0:

By assumption lim (U"y,,x,) = 0 hence

lim (Up,,u*x,) = lim (U™ %y,,x,) =0 k=0,+1,+2,.-.
n—* n-—-+®0Q
By taking linear combinations and passing to limit one gets lim (U"y,, y,) =0
or y,e Hy(U). On the other hand y,e H,(U) since x,e€ H; and U'x,e H, for
every n, thus y, =0.

REMARK. We have reproduced in this proof, for the sake of completeness,
parts of Theorem 1 of [4] and Theorem 3.1 of {2]}.

COROLLARY. Every invariant subspace of H reduces U.

In Corollary of Proposition 3 of [1] this result is proved for subspaces of Hj.
If x € H, then U*x e M for any integer k, since M is invariant under U

A similar characterization exists for Hj.

THEOREM 3.3. Let K be the close convex hull of the weak limits of the sequence
U"x. Then xe H, if and only if xe K.

Proof. If xe H) then it is the strong limit of U™x, for some subsequence of
the integers, by Theorem 1.3 of [2]. Conversely if xe'Hj let

lim sup | (U"x,x) | =a<| x|
¥ y, -y, are in K and g, are positive numbers whose sum is 1 then
I (Zay;,x) l RS Zail (%) l Sa< " x "2

and no such sum can approximate x.
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